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2. (15 minutes) How these results were obtained + where to go
from here.
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This was much before any semantics for the logic existed.
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Figure 2: S. C. Kleene (1909 - 1994).

Kleene proposed his realizability interpretation in 1945, along similar
lines. It was shown by Rose (1953) however that intuitionistic logic
was not complete with respect to it.



Medvedev's problems

In 1962, Yu Medvedev publishes a paper, returning to the roots of
Kolmogorov's interpretation:

1. By a finite problem we mean, in the preseat paper, any problem the solution of which is an
element of some previously known nonempty finite set F of admissible possibilities. As examples
of finite problems we may use the problems of determining the truth or falsity of propositions: here
the set F consists of two elements, '‘true’’ and ''false”, and that one of the two which is the truth
value of the proposition serves as the solution. Chess problems also may be considered as finite

under the appropriate interpretation.
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The goal was to understand intuitionistic logic through problems.
But Medvedev quickly observed that when using the full signature
the resulting validities were much more than what we now call IPC.



Medvedev's logic

In modern terms, we typically formulate the logic using Medvedev
frames; for I an arbitrary set:

My = (P(I)\{I},2),

and
Med := Log({ My : I a finite set }).
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Peculiar metalogical properties

Several early observations made Med stand out:

1. Levin (1969) showed that Med has the disjunction property and
maximal with that property — disproving a conjecture of J.
ukasiewicz.

2. Prucnal (1976, 1979) showed that MedvedeV's logic is structurally
complete, answering a question as to the existence of logics with
disjunction property and structurally complete, of H. Friedman.

This made it a very attractive logic to study from a constructive point
of view. But at this point in time, no axiomatization of it was known.



Axiomatizability

Figure 4: L. Maksimova (1943 - 2025); D. Skvortsov (1952 - 2025); V. Shehtman
(1953 -)

Theorem (MDS, 1979)
The logic Med is not finitely axiomatizable. J




Chasing Medvedev's logic

Skvortsov and Shehtman obtained several results, and introduced
several new questions:

1. The logic Skv of infinite problems, characterized by all Medvedev
frames. Shown by Skvortsov (1972) to be recursively
axiomatizable. Further study was made together with Shehtman
(1982). Its equality with Med remained open.
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Skvortsov and Shehtman obtained several results, and introduced
several new questions:

1. The logic Skv of infinite problems, characterized by all Medvedev
frames. Shown by Skvortsov (1972) to be recursively
axiomatizable. Further study was made together with Shehtman
(1982). Its equality with Med remained open.

2. A modal counterpart of Med, the logic Meds was introduced by
Shehtman (1990), and proven not finitely axiomatizable, its
decidability also remained open.

At the same time, MedvedeV's logic kept appearing in other,
seemingly unexpected, places...
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Ubiquity of Medvedev logic

The logic, and some close relatives, kept appearing:

1. (Topology and Geometry): The logic Cheq of chequered subsets
(van Benthem et.al. 2003), bears a close relationship with Med,
and was introduced to analyze Euclidean space using modal
logic. Similarly, it was observed by Jerabek (2025) and Bevilacqua
et.al (2025) that Med is the internal logic of the topos sSet of
simplicial sets.

2. (Inquisitive logic and team semantics): Medvedev's logic is the
schematic fragment of inquisitive logic Inq (Ciardelli &
Roelofsen, 2011).

Many, many more contributions: generalized Medvedev logics (Xiao,
2024), approaches via tense modalities (Holliday, 2017), as well as
studies into the related logics (Fontaine, 2006; Shatrov, 2008; Litak,
2018).
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Thorn in our side

Still the issue of decidability was a thorn in everyone’s side.

It should be pointed out, however, that most people we talked to
seemed to believe that it was decidable.

(Except for Sgren for a while. But recently he too was convinced.)



Anatomy of the logic
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Fragments of Medvedev

A result of Szatowski, expanding on claimed results of Medvedey,
mentioned that several fragments of Med are much better behaved -
for instance coinciding with IPC.

The idea is that some combination of connectives would be
responsible for the complexity of the logic. But which one?

People in inquisitive semantics already knew: the disjunction.

It is well-known that the fragment IPC, _, | T is locally tabular.

1
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Trying to get such control over certain fragments is a standard
axiomatizing technique in modal and superintuitionistic logic.

Let P be a finite rooted poset, and let D C Up(P)? be a set of pairs
of upsets. We denote by a(P, D) the canonical formula of (P, D).

The idea of such formulas is algebraically very transparent:
Proposition

For each Heyting algebra H, H ¥ «(P, D) if and only if there is an
injective map ¢: Up(P) — H, which is a (A,—, L, T)-homomorphism,
and for each pair (U, V) € D, preserves the join.
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Axiomatizing with canonical formulas

These formulas are due to M. Zakharyaschev (1992+); the formulation
we take is from Bezhanishvili and Bezhanishvili (2009).

Theorem (Zakharyaschev, 1992+)

Every superintuitionistic logic L can be axiomatized with canonical
formulas.

Upshot: One only needs to consider canonical formulas.



Partial maps

This can be turned into a more geometric criterion:

Definition (Cofinal partial p-morphisms)

A partial map f: P — @ between posets is called a cofinal partial
Esakia morphism if the following conditions hold:

- (Order) If p,p’ € dom(f) and p < p’ then f(p) < f(p).
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Partial maps

This can be turned into a more geometric criterion:

Definition (Cofinal partial p-morphisms)

A partial map f: P — @ between posets is called a cofinal partial
Esakia morphism if the following conditions hold:

- (Order) If p,p’ € dom(f) and p < p’ then f(p) < f(p).

- (Back) If p € dom(f) and f(p) < q then there is some p’ > p such
that p’ € dom(f) and f(p') = ¢.

- (Domain) p € dom(f) if and only if f[tp] = 1q for some ¢ € Q.

- (Cofinal) for every p € P there is some p’ > p such that
p’ € dom(f).

Partiality turns out to be one of the crucial pieces. They will make
constructing a map easier.
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f: P — @ is said to satisfy the closed domain condition (CDC) with
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Closed Domains

Definition (Closed domain condition)

Let @ be a finite rooted poset, P a poset, and ® a (possibly empty)
collection of antichains in Q. A cofinal partial Esakia morphism

f: P — @ is said to satisfy the closed domain condition (CDC) with
respect to @ if:

x ¢ dom(f) = min f[tz] ¢ D.

Closed domains provide us some additional strength to offset the
weakness of partial maps: contrapositively, they force the existence
of points in the domain.



Reducing to existence of a map

Definition (Medvedev cover)

Given P a finite rooted poset, and D C (P)? we denote by
Covmed(P, D) the statement: there is some n € w and an onto cofinal
partial Esakia morphism M,, — P satisfying the CDC for D p.
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Reducing to existence of a map

Definition (Medvedev cover)

Given P a finite rooted poset, and D C (P)? we denote by
Covmed(P, D) the statement: there is some n € w and an onto cofinal
partial Esakia morphism M,, — P satisfying the CDC for D p.

The following is the key combinatorial/geometric statement for
which the reduction will be constructed:

Theorem (Validity of canonical formula for Medvedev frames)

For each canonical formula «(P, D), we have:

a(P,D) ¢ Med <= Covpyed(P, D).







How do we prove undecidability?
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- AWang tile is a square with colored sides.
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Tiling Problem

Wang tile is a square with colored sides.
- The periodic tiling problem: Given a finite set of tiles W, does there exist
a periodic tiling 7 : Zy, X Zp, — W.
- Introduced by Wang (1961, 1963); proven co-re-complete by Berger (1966).
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Tiling Problem

Wang tile is a square with colored sides.
- The periodic tiling problem: Given a finite set of tiles W, does there exist
a periodic tiling 7 : Zy, X Zp, — W.
- Proven re-complete by Gurevich and Koryakov (1972).
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Proof strategy

Recall: a(P,D) ¢ Med <= Covmed(P, D).
Strategy: Given W, construct poset Py, and Dy C Up(Pw) x Up(Pw) with

’HT:ZmXZn%W < ﬂf:]\/]k%»PW.‘

Recall that Covmed(Pw, Dy) means

Jk € w and cofinal partial p-morphism f : My — Py satisfying CDC for Dyy.



Tiling poset Py, and CDCs D,y C Up(Py)?
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Py (simplified):

Xeven Xodd Yeven Yodd

XL X tee) t(e,0) t(oe) t(o,0) Y, Y,

eo eo oe

CDCs (Dyy) ensure:
- Doubletons in dom f For (U,V) € Dw: =
- Successors

¢ dom f implies

min f(tz) N ({x}) # @,

- Tile-compatibility min fAm O p £ AR O e I vz

[Goal: 3 : Zun X Zn = W <= 3f : Mk —> Pw]

(with f cofinal, partial, p-morphism, Dyy,-CDC)
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Take-aways

- Partiality.

- CDCs can force {a,b} € domf;

- and impose restrictions on {a, b, c} ¢ domf.
- Periodicity through finiteness.

- Meets and distributivity.
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Theorem
Med is undecidable.

Theorem
Skv is undecidable.

Proof.

The tiling proof covers Med and Skv uniformly: for Skv we encode the
tiling problem, and for Med the periodic one. DJ
Corollary

For every aperiodic tile set W:

a(Pw, Dw) € Med \ Skv

20






But why are Med and Skv undecidable?
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Directions, repercussions, perspectives

Intuitionistic and modal logic:

- Theorem: Modal Med and modal Skv are undecidable.
- Direction: Interval of undecidable logics?
- Direction: Robust decidability, revisited?

First-order logic:
- Direction: Standard translation and decidable fragments of FOL?
Inquisitive and team semantics:

- Theorem: The schematic fragment of Inq is undecidable.

- Direction: When are schematic fragments of team and
inquisitive logics (un)decidable?
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Wir miissen verstehen. Wir werden verstehen.






Yankov axiomatizability

Shehtman (1990) noted that the question of axiomatizability by
Yankov formulas was a potential avenue for studying Med. The
following are still open, and quite interesting problems:

Let Yueq De the logic
Yied = IPC ® {J(P) : P ¥ Med}.
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Shehtman (1990) noted that the question of axiomatizability by
Yankov formulas was a potential avenue for studying Med. The
following are still open, and quite interesting problems:

Let Yueq De the logic
Yied = IPC ® {J(P) : P ¥ Med}.

Problem

IS Yiueda = Med? Is Yyeq recursively axiomatizable? Does it have the
FMP? Is the problem of recognition of finite Med algebras decidable®?

9We are grateful to A. Citkin for suggesting this problem.

22



Yankov axiomatizability

Shehtman (1990) noted that the question of axiomatizability by
Yankov formulas was a potential avenue for studying Med. The
following are still open, and quite interesting problems:

Let Yueq De the logic
Yied = IPC ® {J(P) : P ¥ Med}.

Problem

IS Yiueda = Med? Is Yyeq recursively axiomatizable? Does it have the
FMP? Is the problem of recognition of finite Med algebras decidable®?

9We are grateful to A. Citkin for suggesting this problem.

In geometric terms, this amounts to deciding whether the existence
of specific open colorings of a simplex (where a poset encodes the
allowed colors) is a decidable problem.
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Degrees of FMP

Such questions could be interesting from other points of view:
Definition (Degree of FMP)

A superintuitionistic logic L is said to have degree of the finite model
property x for x a cardinal if and only if the following set has
cardinality ¢

degepp (L) = |{Lo € Ext(IPC) : Ly has the same finite frames as L}|.

It was proven by Aguillera, Bezhanishvili and Takahashi (2026) that for the degree of
FMP the only possible infinite cardinals are R and 2o,
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Degrees of FMP

Such questions could be interesting from other points of view:
Definition (Degree of FMP)

A superintuitionistic logic L is said to have degree of the finite model
property x for x a cardinal if and only if the following set has
cardinality ¢

degepp (L) = |{Lo € Ext(IPC) : Ly has the same finite frames as L}|.

It was proven by Aguillera, Bezhanishvili and Takahashi (2026) that for the degree of
FMP the only possible infinite cardinals are R and 2o,

Problem

What is the degree of FMP of Med?

If Yvea = Med, the degree would be 1. Potentially it could be very
large.
23



Other logics

Having obtained these results, it might be interesting to reconsider
some older logics.
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Other logics

Having obtained these results, it might be interesting to reconsider
some older logics.

The logic Realiz is propositional realizability logic - inspired by the
work of Kleene, and subsequently studied by several authors. It has

close historical ties, and shares some non-trivial axioms with Med.
Nevertheless:

Problem

Is Realiz decidable? Does it have the FMP? |s it recursively
axiomatizable?

24



Thank you!
Questions?
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Methodology

1. Results obtained by prompting Chat GPT Sol 5.6.
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What did we prompt?
What did we do when we got the preliminary documents?

. Why did we make this available?

. Community consultation.

26



Methodology

o i & W N

Results obtained by prompting Chat GPT Sol 5.6.

What did we prompt?

What did we do when we got the preliminary documents?
Why did we make this available?

Community consultation.

Documentation available online.
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